In this paper, by using the Krasnosel'skii fixed-point theorem, we establish the existence of multiple positive solutions for the following integral boundary value problem of a class of nonlinear semipositone fractional differential equations
D α 0+ u + λ[f (t,
Introduction
In this paper, we consider the following integral boundary value problem for a class of nonlinear semipositone fractional differential equations
where λ and µ are positive parameters, µ and α are real numbers satisfying 0 < µ < α, n is a positive integer number and n ≥ 3, D α 0+ is the standard Riemann-Liouville derivative, f, g : (0, 1) × [0, +∞) → R are sign-changing continuous functions and may be singular at t = 0, 1. In this paper, a function
, and u satisfies (1.1) on t ∈ (0, 1). Recently, many results were obtained for the existence of solutions of nonlinear fractional differential equations by the use of nonlinear analysis techniques, and for details the reader is referred to [1] [2] [3] [4] and the references therein.
In [3] , the authors consider the existence of positive solutions of the following nonlinear fractional differential equation boundary value problem with changing sign nonlinearity
where 2 < α ≤ 3 is a real number, D α 0+ is the standard Riemann-Liouville derivative, λ is a positive parameter, f : (0, 1) × [0, +∞) → R is a continuous sign-changing function and is allowed to be singular at t = 0, 1.
In [4] , by using the Krasnosel'skii fixed-point theorem, Yuan consider the positive solution for the (n − 1, 1)-type semipositone conjugate boundary value problem
where λ is a positive parameter, α ∈ (n − 1, n] is a real number, and n is a positive integer number with n ≥ 3, D α 0+ is the standard Riemann-Liouville derivative. The author establishes the properties of the Green's function of the boundary value problem, and derives an interval of λ such that for any λ lying in this interval, the semipositone boundary value problem has multiple positive solutions under the following assumptions:
Inspired by the above mentioned work, the aim of this paper is to establish conditions for the existence of single and multiple positive solutions of the BVP(1.1). Compared to the results in [2] [3] [4] [5] , our work presented in this paper has the following new features. Firstly, the nonlinear term involves two semipositone functions. Secondly, the single and multiple positive solutions for the BVP(1.1) are obtained without using condition (A 2 ). Thirdly, the boundary conditions include an integral boundary value condition which is more general and covers multi-points boundary conditions as special cases.
2
Preliminaries and lemmas Definition 2.1. The Riemann-Liouville fractional integral of order α > 0 of a function u : (0, +∞) → R is given by
provided that the right-hand side is pointwise defined on (0, +∞). 
denotes the integer part of number α, provided that the right-hand side is pointwise defined on (0, +∞).
. . , n), as the unique solution, where n is the smallest integer greater than or equal to α. 1) . Then the following equality holds
where c i ∈ R (i = 1, 2, . . . , n), n − 1 < α ≤ n.
Lemma 2.3 ([5,6])
. Let X be a real Banach space, and let P ⊂ X be a cone in X. Assume that Ω 1 , Ω 2 are open subsets of X with θ ∈ Ω 1 , Ω 1 ⊂ Ω 2 , and S : P ∩ (Ω 2 \Ω 1 ) → P be a completely continuous operator such that either (i) Su ≤ u , u ∈ P ∩ ∂Ω 1 and Su ≥ u , u ∈ P ∩ ∂Ω 2 , or (ii) Su ≥ u , u ∈ P ∩ ∂Ω 1 and Su ≤ u , u ∈ P ∩ ∂Ω 2 . Then S has a fixed point in P ∩ (Ω 2 \Ω 1 ). Lemma 2.4. Let h ∈ C(0, 1) ∩ L(0, 1) be a given function, λ > 0 be real number, then the boundary value problem
has a unique solution
where
Lemma 2.5. The function G(t, s) defined by (2.3) has the following properties
Lemma 2.6. Let e ∈ C(0, 1) ∩ L(0, 1) with e(t) > 0 on t ∈ (0, 1), and λ > 0 be real number, then the boundary value problem
4)
has a unique solution ω(t) = λ 1 0
G(t, s)e(s)ds with
ω(t) ≤ λM 0 (α − µ)Γ(α) t α−1 1 0 e(s)ds, 0 ≤ t ≤ 1. (2.5) 3
Main Results
For the convenience in presentation, we denote:
and make the following assumptions here: +∞) ) and there exist e 1 , e 2 , ϕ ∈ C((0, 1), [0, +∞)) and ψ ∈ C([0, +∞), [0, +∞)) such that 
in which r 0 > σ.
In order to overcome the difficulty associated with semipositone, we consider the following boundary value problem G(t, s)e(s)ds which is the solution of the following boundary value problem
We will show that there exists a solution u(t) for the boundary value problem (3.1) with u(t) > ω(t), t ∈ (0, 1]. If this is true, then u(t) = u(t) − ω(t) is a positive solution of the singular semipositone boundary value problem (1.1), because for any t ∈ (0, 1),
Hence, we will concentrate our study on the boundary value problem (3.1).
Let E = C[0, 1] be endowed with the maximum norm u = max 0≤t≤1 |u(t)| for u ∈ E. Define a cone P by
Set Ω r = {u ∈ E : u < r}, P r = P ∩ Ω r , ∂P r = P ∩ ∂Ω r .
Define an integral operator T : P → E by
Lemma 3.1. Suppose that (H 1 ), (H 2 ) hold. Then T : P → P is a completely continuous operator.
Proof. For any u ∈ P, t ∈ [0, 1], from Lemma 2.5 and conditions (H 1 ) and (H 2 ), we have
Therefore, the operator T is well defined. For any u ∈ P, t ∈ [0, 1], Lemma 2.5 implies that
On the other hand, we have
, which implies T : P → P.
According to the Ascoli-Arzela theorem, we can easily get that T : P → P is a completely continuous operator. The proof is completed. In the following , we suppose λ ∈ (0, λ * ).
For any u ∈ ∂P r 1 , noticing that u(t) ≥ µt 
